Using Cesàro means of a mapping, we modify the progress of Mann's iteration in hybrid method for asymptotically nonexpansive mappings in Hilbert spaces. Under suitable conditions, we prove that the iterative sequence converges strongly to a fixed point of an asymptotically nonexpansive mapping. We also introduce a new hybrid iterative scheme for finding a common element of the set of common fixed points of asymptotically nonexpansive mappings and the set of solutions of an equilibrium problem in Hilbert spaces. MSC: 47H10; 47J25; 90C33
Introduction
Let H be a real Hilbert space with the inner product ·, · and the norm · . Let C be a nonempty closed convex subset of H. A mapping T : C → C is said to be asymptotically nonexpansive if for each n ≥ , there exists a nonnegative real number k n satisfying lim n→∞ k n =  such that T n x -T n y ≤ k n x -y , ∀x, y ∈ C; when k n ≡ , T is called nonexpansive. The concept of asymptotically nonexpansive mapping was introduced by Goebel and Kirk [] in . We denote by F(T) := {x ∈ C : Tx = x} the set of fixed points of T. It is well known that if T : H → H is asymptotically nonexpansive, then F(T) is nonempty convex.
In , Mann [] introduced the iteration as follows: a sequence {x n } defined by
x n+ = α n x n + ( -α n )Tx n . (.)
In an infinite-dimensional Hilbert space, Mann iteration could conclude only weak convergence [] . Attempts to modify the Mann iteration method (.) so that strong convergence is guaranteed have recently been made. Nakajo and Takahashi [] proposed the following modification of Mann iteration method for a nonexpansive mapping T in a Hilbert ©2014 Zhang and Cui; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2014/1/16 space:
where P K denotes the metric projection from H onto a closed convex subset K of H. The above method is also called CQ method or hybrid method. In , Kim and Xu [] adapted the iteration (.) in a Hilbert space. More precisely, they introduced the following iteration process for asymptotically nonexpansive mappings:
where
They proved that {x n } converges in norm to P F(T) x  under some conditions. Several authors (see [, ] ) have studied the convergence of hybrid method. Baillon [] first proved that the following Cesàro mean iterative sequence weakly converges to a fixed point of a nonexpansive mapping in Hilbert spaces:
Shimizu and Takahashi [] proved a strong convergence theorem of the above iteration for an asymptotically nonexpansive mapping in Hilbert spaces. Let C be a nonempty closed convex subset of a real Hilbert space H, let f : C × C → R be a functional, where R is the set of real numbers. The equilibrium problem is to find x ∈ C such that
The set of solutions of (.) is denoted by EP(f ). Given a mapping T : found a common element of the set of solutions for mixed equilibrium problem, the set of solutions of the variational inequality for a β-inverse strongly monotone mapping, and the set of fixed points of a family of finitely nonexpansive mappings in a real Hilbert space by using the viscosity and Cesàro mean approximation method.
Motivated by the above-mentioned results, in this paper we introduce the following iteration process for asymptotically nonexpansive mappings T with C a closed convex bounded subset of a real Hilbert space:
We shall prove that the above iterative sequence {x n } converges strongly to a fixed point of T under some proper conditions. In addition, we also introduce a new hybrid iterative scheme for finding a common element of the set of common fixed points of asymptotically nonexpansive mappings and the set of solutions of an equilibrium problem in Hilbert spaces. We will use the notation for weak convergence and → for strong convergence.
Preliminaries
Let H be a real Hilbert space. Then
for all x, y ∈ H and λ ∈ [, ]. It is also known that H satisfies () Opial's condition, that is, for any sequence {x n } with x n x, the inequality () The Kadec-Klee property, that is, for any sequence {x n } with x n x and x n → x together implies x n -x → . Let C be a nonempty closed convex subset of H. Then, for any x ∈ H, there exists a unique nearest point in C, denoted by P C (x), such that
Such a mapping P C is called the metric projection of H onto C. We know that P C is nonexpansive. Furthermore, for x ∈ H and z ∈ C,
We also need the following lemmas.
Lemma . (See []) Let T be an asymptotically nonexpansive mapping defined on a bounded closed convex subset C of a Hilbert space H. Assume that {x n } is a sequence in C with the properties:
(i) x n z; (ii) Tx n -x n → . Then z ∈ F(T).
Lemma . (See []) Let C be a nonempty bounded subset of a Hilbert space. Let T be an asymptotically nonexpansive mapping from C into itself such that F(T) is nonempty.
Then, for any ε > , there exists a positive integer l ε such that for any integer l ≥ l ε , there is a positive integer n l satisfying
The equilibrium problem is to findx ∈ C such that
The set of solutions of the above inequality is denoted by EP(f ). For solving the equilibrium problem, let us assume that a bifunction f satisfies the following conditions:
(A) for each x ∈ C, f (x, ·) is convex and lower semi-continuous.
The following lemma appears implicitly in [] . 
Strong convergence theorem of modified Mann iteration based on hybrid method
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ x  ∈ C is arbitrary, y n = α n x n + ( -α n )  n+ n j= T j x n , C n = {z ∈ C : y n -z  ≤ x n -z  + θ n }, Q n = {z ∈ C : x n -z, x  -x n ≥ }, x n+ = P C n ∩Q n (x  ), n = , ,  . . . , (.) where θ n = ( -α n ) L  n - (diam C)  →  as n → ∞.
Then {x n } converges strongly to P F(T) (x  ).
Proof First note that T has a fixed point in C (see [] ); that is, F(T) is nonempty. We divide the proof of this theorem into four steps as below.
Step . We show that C n and Q n are closed and convex for each n ∈ N ∪ {}. http://www.fixedpointtheoryandapplications.com/content/2014/1/16
From the definition of C n and Q n , it is obvious that C n is closed and Q n is closed and convex for each n ∈ N ∪ {}. We prove that C n is convex. Since
it follows that C n is convex.
Step . We show that F(T) ⊂ C n , ∀n ∈ N ∪ {}. Let p ∈ F(T) and n ∈ N ∪ {}. Then from
we have p ∈ C n . Next, we show that F(T) ⊂ Q n , ∀n ∈ N ∪ {}. We prove this by induction.
For n = , we have F(T) ⊂ C = Q  . Suppose that F(T) ⊂ Q n , then ∅ = F(T) ⊂ C n ∩ Q n and there exists a unique element x n+ ∈ C n ∩ Q n such that x n+ = P C n ∩Q n (x  ). Then
In particular,
It follows that F(T) ⊂ Q n+ and hence F(T) ⊂ Q n for each n.
Thus we obtain F(T) ⊂ C n ∩ Q n , ∀n ∈ N ∪ {}. This means that {x n } is well defined.
Step . We show that {x n } is bounded and lim n→∞ x n -Tx n = . It follows from the definition of Q n that x n = P Q n (x  ). Therefore
for all z ∈ Q n and all n ∈ N ∪ {}.
Let z ∈ F(T) ⊂ Q n for all n ∈ N ∪ {}. Then
On the other hand, from x n+ = P C n ∩Q n (x  ) ∈ Q n , we have
Therefore, the sequence { x n -x  } is nondecreasing. Since C is bounded, we obtain that lim n→∞ x n -x  exists. This implies that {x n } is bounded. Noticing again that x n+ = P C n ∩Q n (x  ) ∈ Q n and x n = P Q n (x  ), we have x n+ -x n , x n -x  ≥ . It follows from (.) that
From Lemma ., we have
Step . We show that {x n } converges strongly to P F(T) (x  ). Put w = P F(T) (x  ). Since {x n } is bounded, let {x n k } be a subsequence of {x n } such that x n k w . By Lemma ., we get w ∈ F(T). Since x n = P Q n (x  ) and w ∈ F(T) ⊂ Q n , we have x n -x  ≤ w -x  . It follows from w = P F(T) (x  ) and the weak lower semicontinuity of the norm that
Thus, we obtain that lim k→∞ x n k -x  = w -x  = w -x  . Using the Kadec-Klee property of H, we get lim k→∞ x n k = w = w. Since {x n k } is an arbitrary subsequence of {x n }, we can conclude that {x n } converges strongly to P F(T) (x  ).
Remark . It is not difficult to see from the proof above that the boundedness of C can be discarded if T is a nonexpansive mapping.
Strong convergence theorem for equilibrium problems
In this section, we prove a strong convergence theorem for finding a common element of the set of zero points of an asymptotically nonexpansive mapping T and the set of solutions of an equilibrium problem in a Hilbert space. 
Suppose that {α n } ⊂ [, ] and there exists a ∈ (, ) such that α n ≤ a, ∀n ∈ N, and {r n } ⊂ (, ∞) such that lim inf n→∞ r n > . Then {x n } converges strongly to P F(T)∩EP(f ) (x  ).
Proof We divide the proof of this theorem into four steps as below.
Step . Similar to the proof of Step  in Theorem ., it is easy to see that C n and Q n are closed convex sets for each n ∈ N ∪ {}.
Step . We show that
. Putting u n = T r n y n , ∀n ∈ N∪{}, by () of Lemma ., we have T r n is relatively nonexpansive. Noticing that relatively nonexpansive mappings are nonexpansive http://www.fixedpointtheoryandapplications.com/content/2014/1/16 in Hilbert spaces, then for any n ∈ N ∪ {},
From the proof of Step  in Theorem ., we have u n -p
Similar to the proof of Step  in Theorem ., it is easy to see that
This means that {x n } is well defined.
Step . We show that {x n } is bounded and lim n→∞ x n -Tx n = . Similar to the proof of Step  in Theorem ., we may obtain that {x n } is bounded and
Since x n+ = P C n ∩Q n ∈ C n , then u n -x n+  ≤ x n -x n+  + θ n . Noticing that θ n → , we have u n -x n+ ≤ x n -x n+ + θ n → . Denote w = P F(T)∩EP(f ) (x  ). Since x n+ = P C n ∩Q n (x  ), w ∈ F(T) ∩ EP(f ) ⊂ C n ∩ Q n , then x n+ -x  ≤ w -x  . Since the norm is weakly lower semicontinuous, we have
Hence lim k→∞ x n k -x  = w -x  = w -x  . Using the Kadec-Klee property of H, we get lim k→∞ x n k = w = w. Since {x n k } is an arbitrary subsequence of {x n }, we can conclude that {x n } converges strongly to P F(T)∩EP(f ) (x  ).
